On a property of elliptic Dedekind sums  by Ito, Hiroshi
JOURNAL OF NUMBER THEORY 27, 17-21 (1987) 
On a Property of Elliptic Dedekind Sums 
HIROSHI ITO 
Department of Mathematics, Faculty of Science, 
Nagoya University. Nagoya. 464, Japan 
Communicated by H. Zassenhaus 
Received March 10, 1986 
A simple proof of the identity D(a, c) = -D(& C) for the Dedekind sums D(a, c) 
introduced by Sczech will be given. I”’ 1987 Academic Press, Inc. 
Let L be a lattice in the complex plane C with the multiplicator ring 
8= {meC 1 mLcL} and let 
Ek(X)= C’ (w+x)--klW+XI-SI,=O (k=O, 1,2 ,... ). 
l,‘E L 
Sczech [3] introduced the sum 
D(n,c):=i c E 
c k t LICL 
for a, c E 0 with c # 0. This is an analogue of the classical Dedekind sum. 
Our main concern of this note is the following. 
THEOREM 1. If a, c E 0 with c # 0, then 
- - 
D(a, c) = -D(a, c), (1) 
where the bar denotes the complex conjugation. 
This theorem is conjectured in [3] and can be easily derived from the 
work of Weselmann [S] or [ 11. However our point of view here is that the 
formula (1) for D(a, c) corresponds to the well-known identity concerning 
the classical Dedekind sum (cf. Rademacher-Grosswald [2, p. 1 S]) 
(2) 
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where a and c (c # 0) are coprime rational integers and 
((s)) := 
i 
s - [x] - l/2, x 4 z 
0, .Y E z 
with [x] the greatest integer not exceeding x. This viewpoint gives us a 
simple and direct proof of (1). The identity (2) is proved by the formula 
cot 71% = 2isign(c) C eZnrrh ( f 
( ! It z,,z cc >> 
Let L = Zw, + Zws, with Im(~,/r~2) > 0 and D(L) = u’, u’? - M’, )I’>. 
more put ~(2) = exp(2rci(: - 5)/D(L) ). Our proof of ( 1) utilizes 
identity. 
LEMMA. For c E (0, c # 0 and k E L, NV lmr 
EI (;)=fr_Tl., x(-c) E, (;). (3) 
Further- 
the next 
Proof: Put 
for Re(s) > 1, 0 6 II E Z and X, y E C. Here the symbol x’ means the sum- 
mation over CVE L for which M’+ J’ # 0. It is known (cf. Weil [4, p. SO]) 
that E(s, n, s, y) can be continued meromorphically to the whole s-plane 
and satisfies the functional equation 
E*(s, .Y, ),)=x(-q) E*(l --s, ~‘9 .u) 
if we put 
In particular, 
Note that 
E,(s) = E(f, 1, 0, X) = E(+, 1, .y, 0). (4) 
(5) 
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Then, for Re(s) > 1, 
T’he analytic continuation to s = 4 yields the lemma by the help of (4). 
Proqf qf’ Theorem 1. 
D(rr,c)=; 1 E 
h t L:< 1. 
I (;)E, (E) 
= (CC’) --I 
1 c x( -iy%) 
k t L,/r 1. I r’ E LiCL 1 
xE,($E,(;). 
Here, the formula (5) gives 
c ! 
(ua +F’)k 
h- E L/c L x- c 1 
Hence, 
because E,(x) is an odd function. 
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One of the consequences of Theorem 1 is, as is remarked in [3], that the 
map 4? X(2, L?) + C defined by 
- D(a, cl, c#O 
(6) 
c=o 
with Z(I) :=:-Z satisfies 
@(A)= -@(A). (7) 
The map @ is known to be a homomorphism to the additive group of C 
(131). 
We can generalize the formula (7) to the I-cocycle @: SL(2. fi’) -+ F := 
{J’: (C/L)’ -+ C) studied in [3]. For (I, L’ E c (c # 0) and ~1, v E C, define 
For A = (‘: f,) E X(2, Cc:), let 
-” E,,!L~*) E?(v*) - @a, c; ~1, u) 
c 
if c # 0, and in case c = 0, 
h 
@(A )(u, 2;) = - - 
ij 
d EWfE,(u) E,(u). 
Here we Put E(x) = E( 1, 2, x, 0) and (u*, t:*) = (u, Z!)A. The 
homomorphism (6) coincides with @(A)(O, 0) since E(0) = E?(O), 
E,(O) = - 1 (cf. [3]) and D(a, c: 0,O) = D(a, c). Clearly @(A)(u, u) depends 
only on the classes of u and v in C/L, and so we may consider @(A) as an 
element of F. One of the main results of [3] is the relation 
@(AB) = @(A) + A@(B). 
where SL(2, 6’) acts on F by 
(A,f’)(u, z’) :=f‘((u, u)A). 
For these D(a, c; U, U) and @(A)(u, z:), the following formulas hold. 
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THEOREM 2. Let a, c, and n be elements of 0 with c # 0, and let 
u, v E L/riL. Then we have 
THEOREM 3. For A E SL(2,O) and u, v E L/tiL (n E O), we have 
Theorem 3 follows from Theorem 2 if we use the identity 
which can be seen in the same way as the proof of (3). Theorem 2 is a 
natural generalization of Theorem 1. We omit the proof of it. 
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